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Abstract
Evidence is provided for a conjecture that, in the continuum limit, the
mean of the causal set action of a causal set sprinkled into a globally
hyperbolic Lorentzian spacetime,M, of finite volume equals the Einstein
Hilbert action of M plus the volume of the co-dimension 2 intersection
of the future boundary with the past boundary. We give the heuristic
argument for this conjecture and analyse some examples in 2 dimensions
and one example in 4 dimensions.
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1
1 The causal set action
The Benincasa-Dowker-Glaser causal set action [1–4] is a family of actions, S
(d)
BDG(C)
for a finite causal set, {C,}, one action for each natural number d > 1.
1
~
S(d)BDG(C) = ζd
(
N +
βd
αd
nd∑
i=1
C
(d)
i Ni
)
, (1.1)
where ζd := −αd( llp )d−2, and αd and βd are d-dependent constants of order 1. ld−2p =
8piG~ is the d-dimensional Planck length and l is the fundamental length scale of
causal set theory so the ratio l
lp
is expected to be a dimensionless number of order 1.
Ni is the number of inclusive order intervals of cardinality i+ 1 in C, where the order
interval I(a, b) between two causal set elements a and b such that a ≺ b is given by
I(a, b) := {c ∈ C | a  c  b}. nd :=
⌊
d+4
2
⌋
so for d = 2, 3 there are 3 terms in the
sum, for d = 4, 5 there are 4 terms etc. C
(d)
1 is fixed to be equal to 1 and the other
C
(d)
i are rational constants of alternating sign. The values of the constants αd, βd,
and C
(d)
i for all d are given in [4].
For each globally hyperbolic Lorentzian spacetime M of dimension d and finite
volume, the Poisson process of sprinkling at density ρ := l−d and the causal set
action S(d) gives rise to a random variable Sρ(M) that equals the action evaluated
on the random causal set that is the outcome of the sprinkling process.1 We call
this random variable the random discrete action ofM at density ρ. It is conjectured
that in the continuum limit of l → 0 or ρ → ∞, the expected value of the random
discrete action, 〈Sρ(M)〉, tends to (~ times) the Einstein-Hilbert action plus certain
boundary contributions [2].2
More precisely, let M be globally hyperbolic and of finite volume. Then, the
boundary of (the closure of) M is achronal: no two points of the boundary are
timelike related. The boundary ofM is the union of Σ− and Σ+, the past and future
boundaries respectively. Σ+ (Σ−) is defined to be the set of points at which future
(past) going timelike curves leave the closure ofM. The hypersurface Σ± can be null
(for example a causal interval), spacelike (for example a slab of an Einstein static
cylinder) or both (for example a “truncated” causal interval with its top sliced off).
1Out of the family of actions, it is the one where d equals the dimension of M that is used to
construct the random discrete action of M. For that reason, we drop the superscript d on Sρ(M)
as it is implied by the dimension of M.
2The random discrete action can be defined for spacetimes that satisfy weaker causality conditions
than global hyperbolicity. For example, the random discrete action of the 2 dimensional trousers
spacetime is studied in [5].
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Conjecture 1. Page 44 of [2]:
lim
ρ→∞
1
~
〈Sρ(M)〉 = 1
ld−2p
∫
M
ddx
√−gR
2
+
1
ld−2p
Vold−2(J) , (1.2)
where J := Σ− ∩Σ+, which we will refer to as the joint, and Vold−2(J) is its volume.
There is some evidence for the conjecture in the literature for the case of flat
spacetime: it holds for flat causal intervals in all dimensions [5, 6] and for a null
triangle and for a cylinder spacetime in 2 dimensions [5].
To understand the conjecture, recall where the action comes from. The family of
actions action arose from the discovery of scalar d’Alembertian analogues on causal
sets, starting with d = 2 [7] and d = 4 [1] and then for all d [3, 4]. For a scalar field
on C, φ : C → R, for each d > 0, there is a retarded d’Alembertian operator B(d):
B(d)φ(a) =
1
l2
(
αdφ(a) + βd
nd∑
i=1
C
(d)
i
∑
b∈Li
φ(b)
)
, (1.3)
where a ∈ C and the sums are over levels Li := {c ∈ C | c ≺ a and | I(a, c) | = i+ 1}.
So, for example the first level, L1, is the set of elements that precede a and are linked
to a, L2 is the set of elements c that precede a such that there is one element in the
order strictly between a and c and so on. Given a spacetime M of dimension d and
a scalar field φ on it, for every x ∈ M, B(d) and the sprinkling process at density ρ
give rise to a random variable Bρφ(x) which is the value of B
(d)φ(x) evaluated for
the sprinkled causal set and field induced on it, with an element at x added by hand.
In Minkowski space, in 2 [8] and 4 [9] dimensions, it has been proved that if φ is
of compact support and if x is not on the past boundary of the support of φ, the
mean of this random variable, tends in the continuum limit to 2φ(x). It should be
straightforward to extend this Minkowski spacetime result to all dimensions. In 4
dimensional curved spacetime, it has been proved that if the support of φ is a region
that is small compared to any radius of curvature, the continuum limit of the mean
of the random variable is 2φ(x) − R(x)
2
φ(x) [9]. This result also holds for d = 2
but it has not been extended to other dimensions, nor to the “strong gravity” or
“cosmological” case where the size of the region is comparable to or larger than the
radius of curvature. It has, however, been shown that if the mean of the B(d)φ(x)
random variable is a local quantity then
lim
ρ→∞
〈Bρφ(x)〉 = 2φ(x)− R(x)
2
φ(x) (1.4)
in every dimension [3, 4]. The coefficient 1
2
of the scalar curvature term is dimension
independent.
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This work on the scalar d’Alembertian, then gives a dimension dependent causal
set Ricci scalar curvature analogue, by applying the operator B to the constant field,
-1:
1
2
R
(d)
causalset(a) = −
1
l2
(
αd + βd
nd∑
i=1
C
(d)
i Ni(a)
)
, (1.5)
where a is an element of the causal set and Ni(a) is the number of elements of the
causal set in the i-th level preceding a. As before, the sprinkling process at density
ρ into M of dimension d and the causal set function R(d)causalset give rise to a random
variable Rρ(x) for each point x of M.
Summing (1.5) over the whole causal set, multiplied by ρ = l−d for the volume
element, and by the coupling l2−dp , then gives the causal set action (1.1).
The causal set scalar d’Alembertian and the scalar curvature analogue have ad-
vanced versions gotten by reversing the order in (1.3) and (1.5) so the levels summed
over are preceded by a: L1 is the set of elements that are preceded by a and linked
to a etc. Every result mentioned above holds, mutatis mutandis, for the advanced
objects. The final action (1.1) is, however, independent of whether the advanced or
the retarded version of the scalar curvature analogue is summed over the causal set
to obtain it.
The argument for our conjecture 1, then goes as follows. The action is a sum over
the causal set of (1.5), the retarded scalar curvature estimator. For any point x that
is not strictly on the past boundary of M, for ρ big enough, there will be enough
of M in the past of x for the value of the mean 〈Rρ(x)〉 to be R(x) to as good an
approximation as we like. This is because for large enough ρ there is room to the
past of x in M for all the levels in the sum to fit below x and to get the necessary
cancellations between the contributions from each level. In particular this is the case
when x lies on the future boundary and does not also lie on the past boundary ofM,
so we expect only the Einstein Hilbert contribution from such x.
However, the action is invariant under order reversal. It also equals a sum over
the causal set elements of the advanced version of (1.5). So, running the argument
above for this case, when considering the mean of the random discrete action of M
we expect only the Einstein Hilbert contribution from points x that lie on the past
boundary and not on the future boundary of M
Now, the points that are on both the past and future boundaries, i.e. the points
of the joint, are not covered by either argument – there is no spacetime to their past
or their future and their contribution to the mean will not be the Einstein Hilbert
contribution either way you look at it. So we expect a different contribution from
the joint. On dimensional grounds, if this is a local contribution, then it will be a
4
dimensionless constant times the volume of the joint because, for finite ρ, any higher
terms in the derivative expansion will appear multiplied by negative powers of ρ and
will go away in the limit.3
There may seem to be a contradiction between the claim that the limit of the
mean of Rρ(x) equals the Ricci scalar for all x not on the joint and the claim that
the limit of the mean of the action equals the Einstein Hilbert term plus an extra
boundary term. The joint is a set of measure zero after all. Where does the extra
term come from? To understand this, consider the mean of the random discrete
action of a spacetime M at density ρ:
1
~
< Sρ(M) >= ζd
[
< Nρ(M) > +
βd
αd
nd∑
i=1
C
(d)
i < Ni,ρ(M) >
]
, (1.7)
where the random variables in bold, N and Ni, are the cardinality of the sprinkled
causal set and the number of order intervals of cardinality i+1 in the sprinkled causal
set, respectively. The means of these random variables are given by the Poisson
distribution:
1
~
< Sρ(M) >= ζd
[
ρ
∫
M
dV +
βd
αd
nd∑
i=1
C
(d)
i ρ
2
∫∫
M×M
y∈J+(x)
dVx dVy
(ρVxy)
i−1
(i− 1)! e
−ρV (x,y)
]
, (1.8)
where Vxy is the volume of the causal interval, I(x, y), between x and y. Consider
doing the y integration over M∩ J+(x) first and, to emphasise the puzzle, suppose
M is a portion of Minkowski spacetime so the result of the y integral gives zero
in the limit for all x not on the boundary of M. Taking the limit and doing the
second, x integration do not commute, however, because there are delta function-like
contributions along the boundary of M which contribute to the limit. We will see
this explicitly in the examples analysed below.
3In the case that the region M is not globally hyperbolic and has a timelike boundary, then for
similar reasons as above, we expect a contribution to the mean of the random discrete action from
the timelike boundary Σ. On dimensional grounds, if this contribution is local then in the derivative
expansion the first couple of terms will be
a1
1
ld−2p l
Vold−1(Σ) + a2
1
ld−2p
∫
Σ
√
hK , (1.6)
where ai are dimensionless constants and K is the trace of the extrinsic curvature on Σ. The first
term will diverge in the continuum limit and for large enough finite ρ it will dominate all other
terms. There is evidence of this for the case of rectangles in 2d Minkowski spacetime [5]. Further
work on the timelike boundary is ongoing [10].
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2 The Set Up
Choosing an order in which to perform the double integral (1.8) is equivalent to a
choice of either the advanced or retarded version of the Ricci curvature analogue. If
we do the y integration first, we are choosing the advanced version:
1
~
< Sρ(M) > =
1
ld−2p
∫
M
dVxLρ(x) , (2.1)
where Lρ(x) := −ρ 2d
(
αd + ρ βd
∫
J+(x)∩M
dVyOd e−ρVxy
)
, (2.2)
and Od :=
nd∑
i=1
C
(d)
i
(i− 1)!ρ
i−1(− d
dρ
)i−1 . (2.3)
Introducing the differential operator Od makes the formulae simpler to write and also
goes some way to explaining why such expressions have a hope of giving finite answers
since one can show that Od annihilates certain powers of ρ that would otherwise make
the expression divergent in the limit.
We will test Conjecture 1 by calculating (2.1) in the limit of ρ → ∞ for some
examples of regions in a conformally flat spacetime in 2 and 4 dimensions, to first
order in a curvature expansion.
2.1 Metric
The metric in all examples we will consider is conformally flat,
ds2 = Φ2(t)ηµνdx
µdxν = Φ2(t)(−dt2 + δijdxidxj) , (2.4)
with a simple conformal factor Φ(t) = 1 + bt2 where b is a constant. At t = 0, in d
dimensions the Ricci curvature components are
R00 = −2(d− 1)b , (2.5)
Rii = 2b , (2.6)
R0i = 0 , (2.7)
R = 4(d− 1)b . (2.8)
The height in t of the regions we will consider will be small compared to b−
1
2 and the
curvature components will be approximated as constant throughout the region. In
the calculations below we will assume that there are no divergences arising from the
higher order curvature terms which are simply dropped in the calculation whenever
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they arise. We will not bother to write “+ . . . ” to indicate that higher order curvature
terms have been dropped.
We will need the proper time, τxy between two points x and y in the spacetime
and the volume, Vxy, of the causal interval, I(x, y), between them (x ∈ J−(y)).
2.2 τxy
Let Xµ and Y µ be the coordinates of points x and y respectively. Let ∆µ = Y µ−Xµ.
The geodesic xµ(τ) from x to y satisfies
dxi
dτ
= ci(1 + bt2)−2 (2.9)
dt
dτ
= (1 + bt2)−2[c2 + (1 + bt2)2]
1
2 (2.10)
where ci is a constant and c2 = ||ci||2 and
ci = γ∆i (2.11)
γ = τ−10xy(1 + b
1
3
((Y 0)3 − (X0)3)
∆0
) (2.12)
τ 20xy = (∆
0)2 − ||∆i||2 . (2.13)
γ is given to first order in curvature. From this we find
τxy = τ0xy
(
1 +
b
3
((Y 0)3 − (X0)3)
∆0
)
(2.14)
= τ0xy
(
1 +
b
3
((Y 0)2 + Y 0X0 + (X0)2)
)
. (2.15)
2.3 Vxy
We can either calculate Vxy directly or use the formula (74) from [11]. Although the
formula is expressed in Riemann normal coordinates (RNC), the proper time τxy is
a coordinate invariant and the same formula holds in conformally flat coordinates to
first order in curvature. We have
Vxy = Ωd−2
21−d
d(d− 1)τ
d
0xy
(
1 +
bd
3
((Y 0)2 + Y 0X0 + (X0)2) (2.16)
− bd
24(d+ 1)(d+ 2)
(6dτ 20xy + 2(d
2 − 4)(Y 0 −X0)2)
)
,
(2.17)
where Ωd−2 is the volume of the (d− 2)-sphere.
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3 2 dimensions
We will look at three examples in 2 dimensions: a causal diamond, a slab of a cylinder,
and a null triangle. For d = 2 we have R = 4b and
Vxy =
1
2
τ 20xy
(
1 +
b
12
(−τ 20xy + 8(Y 0)2 + 8(X0)2 + 8X0Y 0)
)
, (3.1)
and
1
~
< Sρ(M) > =
∫
M
dVxLρ(x) , (3.2)
where Lρ(x) := 2ρ
(
1− 2ρ
∫
J+(x)∩M
dVyO2 e−ρVxy
)
, (3.3)
and O2 := 1 + 2ρ ddρ + 12ρ2 d
2
dρ2
.
To perform the first y integral, the exponential in the integrand can be expanded
in curvature and terms quadratic and higher in b dropped:
Vxy = V0xy + δVxy , (3.4)
V0xy =
1
2
τ 20xy , (3.5)
δVxy =
b
24
τ 20xy(−τ 20xy + 8(Y 0)2 + 8(X0)2 + 8X0Y 0) , (3.6)
and
e−ρVxy = e−ρV0xye−ρδVxy (3.7)
= e−ρV0xy(1− ρδVxy) . (3.8)
The y integral in (3.3) is∫
J+(x)∩M
d2yO2
[(
1 + 2b(Y 0)2 − ρ b
24
τ 20xy(−τ 20xy + 8(Y 0)2 + 8(X0)2 + 8X0Y 0)
)
e−
ρ
2
τ20xy
]
.
(3.9)
In all three cases we will calculate Lρ(x) and check that it tends to
R
2
= 2b in the
continuum limit for every x that is not on the future boundary ofM. There will also
be terms in Lρ(x) that behave like delta functions on the future boundary of M in
the limit. Those terms must be integrated over M and the limit taken to see what
contribution if any they give to the mean of the action. As described above in the
section on general d, doing the double integral in the other order, using the retarded
form of the integrand instead of the advanced, would give an Lρ(y) that is an Einstein
Hilbert term plus terms with distributional behaviour on the past boundary. This
leads to the expectation that the only boundary contribution actually comes from
the joint.
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3.1 The interval
LetM be the causal interval, I(p, q), centred at the origin with endpoints p at (−T
2
, 0)
and q at (T
2
, 0) – shown in Figure 1 – with metric (2.4) for d = 2. The interval has
x1
Figure 1: The causal interval I(p, q) between p at (−T
2
, 0) and q at (T
2
, 0).
an S0 joint with volume equal to 2.
The boundaries of the regions of integration are straightforward because null
geodesics in our conformally flat coordinates are straight lines as in Minkowski space.
For the y integral, it is convenient to change coordinates to null coordinates, u and v
centred at point x in terms of which we have Y 0 = X0 + (u+v)√
2
and τ 20xy = 2uv. We
find
Lρ(x) = 2b− 2be−
ρτ2
2 − be− ρτ
2
2 ρτ 2 − e− ρτ
2
2 ρ2τ 2 + 2e−
ρτ2
2 ρ (3.10)
− 1
12
be−
ρτ2
2 ρ2τ 4 − 1
24
be−
ρτ2
2 ρ3τ 6 (3.11)
−4be− ρτ
2
2 ρ2τ 2X0
2
+ be−
ρτ2
2 ρ3τ 4X0
2
(3.12)
+
1
3
be−
ρτ2
2 ρ3(
T
2
−X0)
2
τ 4 − 4
3
be−
ρτ2
2 ρ2(
T
2
−X0)
2
τ 2 (3.13)
−4be− ρτ
2
2 ρ2(
T
2
−X0)τ 2X0 + be− ρτ
2
2 ρ3(
T
2
−X0)τ 4X0 , (3.14)
where τ 2 = (T
2
− X0)2 − (X1)2 is the square of the Minkowski proper time from x
to q. τ = 0 if and only if x lies on the future boundary of M. We see that the
continuum limit of Lρ(x) is 2b for all x not on the future boundary of M. The first
term 2b in Lρ(x) will give the Einstein Hilbert action when integrated over M. The
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other terms have factors that tend to delta functions or derivatives of delta functions
on the future boundary of M in the ρ→∞ limit.
The x integral can be done using null coordinates, (u, v) centred, now, at q in
which τ 2 = 2uv and the result is
1
~
< Sρ(M) >=
1
12ρ
(
96b− 96be− ρT
2
2 − 96bγ + 24ρ− 24e− ρT
2
2 ρ+ 12bρT 2 (3.15)
− 12be− ρT
2
2 ρT 2 + be−
ρT2
2 ρ2T 4 − 96bΓ[0, ρT
2
2
] (3.16)
− 96b log[ρT 2/2]
)
. (3.17)
The limit is
lim
ρ→∞
1
~
< Sρ(M) >= bT
2 + 2 . (3.18)
The Einstein Hilbert action equals R
2
× T 2
2
= bT 2, and the volume of the joint equals
2, so this agrees with the conjecture.
3.2 The slab
Now letM be the spacetime with metric (2.4) for d = 2 for 0 ≤ t ≤ T and with (t, x1)
identified with (t, x1 + L) so space is a circle. T < 2L so there is no wrap-around
of causal intervals in M and bT 2  1. There is a spacelike past boundary and a
T
Figure 2: A slab of a cylinder spacetime. The first, y integral is over the region in
the slab in the causal future of x.
spacelike future boundary but there is no joint.
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We find
Lρ(x) = 2ρ+
1
24
Qρ
[
− 24Qρ+ 24bX0 + bQ(− 3 + ρ(7Q2(−8 +Q2ρ) (3.19)
+ 24Q(−6 +Q2ρ)X0 + 24(−5 +Q2ρ)X02))] (3.20)
− 1
12
√
2
√
ρDawsonF[
Q
√
ρ√
2
]
[
− 24Qρ(−3 +Q2ρ) + 24bX0 (3.21)
+ bQ(−3 + ρ(Q2(39 + 7Q2ρ(−9 +Q2ρ)) (3.22)
+ 24Q(5 +Q2ρ(−7 +Q2ρ))X0 (3.23)
+ 24(3 +Q2ρ(−6 +Q2ρ))X02))
]
, (3.24)
where Q := T −X0. One cannot just read off the limit as one could for the interval,
but Lρ(x) does have the correct limit of 2b as ρ → ∞ for every x for which Q 6= 0
i.e. for every x not on the future boundary of M. In the expression for Lρ(x) there
are individual terms that have a distributional character at Q = 0 in the limit, but
integrating Lρ(x) over M and taking the limit we find that these all cancel and we
get
lim
ρ→∞
1
~
< Sρ(M) >= 2bLT . (3.25)
The Einstein Hilbert action equals 1
2
R × LT = 2bLT to first order in curvature and
there is no joint so this agrees with the conjecture.
3.3 The triangle
Now let M be the null triangle, or half-interval, shown in Figure 3, with apex p at
the origin, “base” at x0 = T , and two null boundary segments. The joint is an S0.
T
Figure 3: The null triangle of coordinate height T .
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The y integral is the same as for the slab, and Lρ(x) equals (3.19). Integrating
this over the triangle and taking the limit gives,
lim
ρ→∞
1
~
< Sρ(M) >= 2 + 2bT
2 . (3.26)
The Einstein Hilbert action equals R
2
×T 2 = 2bT 2 and the volume of the joint equals
2, so this agrees with the conjecture.
4 4 dimensional causal interval
We takeM, to be the causal interval, the 4-dimensional analogue of Figure 1, upright,
centred on the origin and of coordinate height T , with past and future endpoints p
and q respectively. The joint lies in the t = 0 plane by symmetry and the volume of
the joint is the volume of a 2-sphere of radius T/2, V ol2(J) = piT
2 .
In 4 dimensions we have R = 12b and
Vxy =
Ω2
8.4.3
τ 40xy
(
1 +
4b
3
((Y 0)3 − (X0)3)
∆0
− 2b
15
(τ 20xy + (Y
0 −X0)2)
)
(4.1)
=
pi
24
τ 40xy
(
1 +
20b
15
((X0)2 + (Y 0)2 +X0Y 0)− 2b
15
(τ 20xy + (Y
0 −X0)2)
)
(4.2)
=
pi
24
τ 40xy
(
1 +
2b
15
(−τ 20xy + 9(Y 0)2 + 9(X0)2 + 12X0Y 0)
)
(4.3)
and
1
~
< S > =
1
l2p
∫
M
d4x
√
−g(x)Lρ(x) , (4.4)
Lρ(x) =
4√
6
ρ
1
2
(
1− ρO4
∫
J+(x)∩M
d4y
√
−g(y)e−ρVxy
)
, (4.5)
O4 = 1 + 9ρ d
dρ
+ 8ρ2
d2
dρ2
+
4
3
ρ3
d3
dρ3
. (4.6)
To perform the first y integral, the exponential in the integrand is expanded in
curvature and terms quadratic and higher in b dropped, as before:∫
J+(x)∩M
d4yO4
[(
1 + 4b(Y 0)2 − b ρpi
180
τ 40xy(−τ 20xy + 9(Y 0)2 + 9(X0)2 + 12X0Y 0)
)
e−
ρpi
24
τ40xy
]
.
(4.7)
The y integral is over the causal interval between x and q and details of the
12
calculation are given in Appendix A. The result for Lρ(x) is
Lρ(x) = + 6bErf[
1
2
√
pi
6
√
ρτ 2] (4.8)
+ 2
√
2
3
e−
1
24
piρτ4√ρ+ 4
5
√
2
3
be−
1
24
piρτ4√ρT 02 + 4
5
√
2
3
be−
1
24
piρτ4√ρτ 2 (4.9)
− be
− 1
24
piρτ4piρ3/2T 0
2
τ 4
5
√
6
+
be−
1
24
piρτ4piρ3/2τ 6
45
√
6
(4.10)
− 1
3
√
2
3
be−
1
24
piρτ4piρ3/2T 0τ 4(
T
2
− T 0)− 1
3
√
2
3
be−
1
24
piρτ4piρ3/2τ 4(
T
2
− T 0)2
(4.11)
+
128
√
6bT 0
2
5pi
√
ρτ 4
+
112
√
6be−
1
24
piρτ4T 0
2
5pi
√
ρτ 4
− 288bT
02Erf[1
2
√
pi
6
√
ρτ 2]
piρτ 6
(4.12)
− 192
√
6b
5pi
√
ρτ 2
+
132
√
6be−
1
24
piρτ4
5pi
√
ρτ 2
+
72bErf[1
2
√
pi
6
√
ρτ 2]
piρτ 4
, (4.13)
where τ 2 := (T
2
−X0)2−||X i||2 is the square of the Minkowski proper time from x to q,
and T 0 := T
2
−X0. As ρ→∞, for non-zero τ , the first term tends to 6b, the Einstein
Hilbert term, whilst all other terms tend to zero. τ = 0 is the future boundary ofM
and on that boundary, many of the terms of Lρ(x) have a distributional behaviour in
the limit. Integrating Lρ(x) overM – see Appendix A – and taking the limit we find
lim
ρ→∞
1
~
< Sρ(M) >=
1
l2p
(6b× Vol(M) + piT 2) . (4.14)
6b×Vol(M) is the Einstein Hilbert action and piT 2 is the area of the joint, in agreement
with the conjecture.
5 Discussion
There is much further work to be done on the conjecture. It is not easy to see from
the calculations above that the boundary contribution is concentrated at the joint.
For the d = 4 interval, the integrand of the second integral Lρ(x) has many terms
that are individually distributional in the limit and the joint volume does not come
from any single one of them. It may be possible to analyse the integrand of the full
double integral over x and y and, without choosing the advanced or retarded order
of integration, see that there is a distributional character to that integrand that is an
appropriate delta function on the joint only. This could help in proving the conjecture
in more generality. In working to first order in curvature we are essentially assuming
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that the limit is local and has a derivative expansion. To be rigorous, the higher
order terms should be bounded and shown to tend to zero in the limit.
One stumbling block is our lack of knowledge about the causal set scalar d’Alembertian
away from the low curvature regime. If we knew that the result (1.4) held in general
then it would greatly strengthen the conjecture at least as far as the Einstein Hilbert
term is concerned. As well as analytic work on more examples, one could do simula-
tions to gain evidence one way or another. There exist generalisations of the causal
set actions that are more non-local and arise from a generalisation of the causal set
scalar d’Alembertian that employs an averaging over many layers akin to a smeared
“blocking” on a lattice [7]. This smearing helps dampen the large fluctuations in the
causal set action and is therefore useful for simulations. Even with this, however, the
large size of causal sets required makes it difficult to ascertain when the asymptotic
regime has been reached [2].
If the conjecture holds, the causal set action of a manifold-like causal set is – up to
fluctuations which we are ignoring – approximately local both in its bulk and bound-
ary terms. Whereas, the action of a non-manifold-like causal set is nonlocal and,
because there is no cancellation between the numbers of order intervals, is typically
of order of N2 where N is the cardinality of the causal set. This paints a heuristic
picture of how a path integral over causal sets could conquer the entropic weight of
the vastly more numerous non-manifold-like causal sets and pick out the ones that
have continuum approximations. In the path sum, we require (i) there is a continuum
regime i.e. non-manifold-like causal sets are suppressed and (ii) non-GR solutions
are suppressed. For the second requirement, assuming there is a continuum regime,
we want the action to pick out the solutions of the Einstein equations and the causal
set action being close to the Einstein-Hilbert action for a manifold-like causal set is a
promising sign, though it may be necessary also to add extra boundary terms to the
action [6]. The first requirement is tantamount to solving one aspect of the cosmo-
logical constant problem: why is there a continuum regime at all if quantum gravity
has no free parameters and only one fundamental scale? Stationary phase heuristics
suggest that a causal set will be suppressed in the sum if small changes in the causal
set cause large changes in the action. When the causal set is non-manifold-like, the
action is huge and so a small change in the causal set will indeed cause a large vari-
ation in the action. Also, in the continuum regime, the dominance of the timelike
boundary term in the random discrete action might act to suppress causal sets with
timelike boundaries and similarly the – albeit much slower, logarithmic – divergent
behaviour of the random discrete action for the trousers might act to suppress such
topology changes. Whether or not these heuristics are a good guide in a discrete
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theory like causal set theory, it seems unlikely that the theory of quantum causal sets
will be based fundamentally on the BDG action because of its dimension dependence:
quantum gravity should explain d = 4, not put it in by hand. Quantum causal sets
will more likely be governed fundamentally by something like a quantal version of the
classical sequential growth models [12–15]. Nevertheless, one can imagine the causal
set action being relevant in some intermediate regime of the theory – between the
fundamental and the continuum regimes – and it is important to study how path
sums defined using the action behave. Such causal set path sums are beginning to be
investigated in d = 2 and d = 3 [16–18].
If Conjecture 1 holds, it would give the value of the continuum limit of the mean
of the “spacetime mutual information” (SMI) in the case when the spacetime to the
past of a Cauchy surface, Σ, is divided into two by a horizon, H [2, 19]. The SMI in
this case equals the sum of the actions of the interior of the horizon and the exterior
of the horizon minus the action of their union (the whole spacetime). The SMI is
nonzero due to the bilocal nature of the action and, if Conjecture 1 holds, then the
Einstein Hilbert terms cancel and the limiting value of the mean of the SMI is equal
to the area of the intersection of the Cauchy surface and the horizon, in fundamental
units: Vold−2(Σ∩H)
ld−2 .
Another, related, consequence of Conjecture 1 is that if the manifold M has no
joint and is divided into M− and M+, the past and future respectively of a Cauchy
surface, Σ, that does not intersect the past or future boundary ofM, then the limit of
the mean of the discrete random action is additive because it is the Einstein Hilbert
action, for each of M, M− and M+. In ordinary quantum mechanics, additivity of
the action translates into the so-called folding property of the path integral propaga-
tor. At finite ρ there are contributions to the mean action ofM that are bilocal and
straddle Σ, but these become weaker as the sprinkling density becomes larger. The
relevance of these observations to the causal set path sum remain to be explored.
If the conjecture turns out to fail, we can hope it fails in an interesting and
comprehensible way.
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A Calculations for d = 4
To do the y integration over I(x, q), it is convenient to change to null radial coor-
dinates centred at x and in which I(x, q) is an upright interval. We do this via a
series of coordinate transformations, all Poincare transformations. First translate the
origin to x. Then rotate in space so that the only non-zero spatial coordinate of q is
in the positive 1-direction. Finally, boost in the 1-direction so that I(x, q) is upright.
By properties of translations and boosts, the “coordinate proper time” between the
two endpoints of the interval does not change, it always equals τ0xq where
τ 20xq = (
T
2
−X0)2 − ||X i||2 . (A.1)
Here and elsewhere we use the notation ||X i|| for the Euclidean norm of the vector
with components X i. For the purposes of the y integral, τ0xq is a constant because
Xµ = (X0, X i) are constants.
Call the new coordinates in which x is at the origin and I(x, q) is upright {zµ}.
The metric is still conformally flat in these coordinates and null geodesics remain
straight lines at 45 degrees in the new coordinates.
The coordinate height of the upright interval is τ0xq. The point x is at the origin
of the zµ coordinates and q is at (τ0xq, 0, 0, 0).
We need Y 0 and τ0xy in the new coordinates:
Y 0 = γ(z0 + wz1) +X0 , (A.2)
τ 20xy = (z
0)2 − ||zi||2 , (A.3)
where
w = rX(
T
2
−X0)−1 , (A.4)
rX = ||X i|| , (A.5)
γ = (1− w2)− 12 . (A.6)
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Finally we define null radial coordinates with origin at point x:
u =
1√
2
(z0 − ||zi||) , (A.7)
v =
1√
2
(z0 + ||zi||) , (A.8)
together with polar angles θ and φ. Let us also choose the the polar angles so that
z1 = ||zi|| cos θ.
I(x, q) is given by the ranges
v ∈ [0, 1√
2
τ0xq] , (A.9)
u ∈ [0, v] (A.10)
and
d4y = dv du
1
2
(v − u)2dΩ2 . (A.11)
The y integral is then
∫
I(x,q)
d4yO4
[
e−ρV0xy
(
1 + 4b(Y 0)2 (A.12)
− ρ b pi
24
τ 40xy
2
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(−τ 20xy + 9(Y 0)2 + 9(X0)2 + 12X0Y 0)
)]
(A.13)
=
∫ τ0xq/√2
0
dv
∫ v
0
du
∫ pi
0
dθ sin θ
∫ 2pi
0
dφ
(v − u)2
2
O4
[
e−ρ
pi
6
u2v2 (A.14)(
1 + 4b(Y 0)2 − ρ b pi
45
(uv)2[−2uv + 9(X0)2 + 9(Y 0)2 + 12X0Y 0]
)]
, (A.15)
with
Y 0 = γ(z0 + wz1) +X0 , (A.16)
where
z0 =
(u+ v)√
2
, (A.17)
z1 =
(u− v)√
2
cos θ , (A.18)
w = T 0
−1
((T 0)2 − τ 20xq)
1
2 , (A.19)
γ = T 0τ−10xq , (A.20)
T 0 =
T
2
−X0 . (A.21)
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Mathematica can perform the y integral and this gives
Lρ(x) = + 6bErf[
1
2
√
pi
6
√
ρτ 2] (A.22)
+ 2
√
2
3
e−
1
24
piρτ4√ρ+ 4
5
√
2
3
be−
1
24
piρτ4√ρT 02 + 4
5
√
2
3
be−
1
24
piρτ4√ρτ 2 (A.23)
− be
− 1
24
piρτ4piρ3/2T 0
2
τ 4
5
√
6
+
be−
1
24
piρτ4piρ3/2τ 6
45
√
6
(A.24)
− 1
3
√
2
3
be−
1
24
piρτ4piρ3/2T 0τ 4(
T
2
− T 0)− 1
3
√
2
3
be−
1
24
piρτ4piρ3/2τ 4(
T
2
− T 0)2
(A.25)
+
128
√
6bT 0
2
5pi
√
ρτ 4
+
112
√
6be−
1
24
piρτ4T 0
2
5pi
√
ρτ 4
− 288bT
02Erf[1
2
√
pi
6
√
ρτ 2]
piρτ 6
(A.26)
− 192
√
6b
5pi
√
ρτ 2
+
132
√
6be−
1
24
piρτ4
5pi
√
ρτ 2
+
72bErf[1
2
√
pi
6
√
ρτ 2]
piρτ 4
, (A.27)
where τ = τ0xq.
For the x integral, it is again convenient to use radial null coordinates, (u, v), this
time centred at q. Then
τ 2 = 2uv , (A.28)
X0 =
T
2
− u+ v√
2
, (A.29)
and the integrand does not depend on the polar angles. The range of the integration
variables is 0 < v < T√
2
and 0 < u < v. As the integrand is symmetric under
interchange of u and v, the range of the u integration can be extended to 0 < u < T√
2
if the integrand is multiplied by 1
2
.
Term (A.22) of the integrand gives the Einstein Hilbert action. Of the other terms,
the first term of (A.23) does not depend on b and is multiplied by the conformal factor
(1+4b(X0)2) before integrating. Mathematica is able to analytically integrate all the
terms of the integrand except for the last three on line (A.27). Consider those three
terms – without the factor of b – as a function of s := τ 2,
fρ(s) := −192
√
6
5pi
√
ρs
+
132
√
6e−
1
24
piρs2
5pi
√
ρτ 2
+
72Erf[1
2
√
pi
6
√
ρs]
piρs2
, (A.30)
and note it is a function of
√
ρs. Figure 4 is a plot of f(s) for ρ = 1000. As ρ
increases the function scales in s and the peaks tend to the vertical axis without
changing height, so f(s) does not have a distributional character in the limit and will
give a contribution of zero to the integral in the limit.
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Figure 4: f(s), where s = τ 2, for ρ = 1000.
Mathematica calculates the x integral of the sum of the remaining 10 terms (not
including the Einstein Hilbert term) to equal
piT 2Erf
[
1
2
√
pi
6
√
ρT 2
]
− 12b
ρ
+
2
√
6e−
1
24
piρT 4
√
ρ
− 2
√
6γ√
ρ
− 32
√
6b
piρ3/2T 2
(A.31)
+
62
√
6be−
1
24
piρT 4
piρ3/2T 2
− 6
√
6bT 2
5
√
ρ
+
2
√
6be−
1
24
piρT 4T 2√
ρ
+
12b
√
ρT 2
ρ3/2T 2
− 2
√
6√
ρ
log(
piρT 4
24
)
(A.32)
+
43bErf
[
1
2
√
pi
6
√
ρT 2
]
ρ
− 180bErf
[
1
2
√
pi
6
√
ρT 2
]
piρ2T 4
− 12Erf
[
1
2
√
pi
6
√
ρT 2
]
ρT 2
(A.33)
−
12b
√
ρT 2Erf
[
1
2
√
pi
6
√
ρT 4
]
ρ3/2T 2
+
2
√
6ExpIntegralEi
[− 1
24
piρT 4
]
√
ρ
(A.34)
+
33/4b
(
2
pi
)1/4
(ρT 4)
3/4
Γ
[
1
4
, 1
24
piρT 4
]
ρ3/2T 2
− 4 3
3/4b
(
2
pi
)1/4
(ρT 4)
3/4
Γ
[
5
4
, 1
24
piρT 4
]
ρ3/2T 2
(A.35)
− 39
√
6bT 2HypergeometricPFQ
[{
1
2
, 1
2
}
,
{
3
2
, 3
2
}
,− 1
24
piρT 4
]
5
√
ρ
(A.36)
+
6
√
6bT 2HypergeometricPFQ
[{
1
2
, 1
2
, 1
2
}
,
{
3
2
, 3
2
, 3
2
}
,− 1
24
piρT 4
]
√
ρ
, (A.37)
which tends to piT 2 in the limit.
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